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The classification of simple algedras divides into two casas,

according as the number of idempotents is < 7 pr » 3, From our work

e |} ; s :
on 1nt§rﬁnnne:t1v¢ty we expact averything with 3 er mere idempotents
to ha asseciative, while the 2-idempotent casze glves rize te Caylay
algebras. Thus simple zlrernative algehras are aithar asscoiative ov
Cavlay aloahrag,
L]
We say A has capacitv g if 1t has mir 1 = ¢ 2, a sum of
3 Lfapacrty k ¥ B A
=1
orthogonal diviston idempotents. (0ffhand it is not clear this is an
invariaat of +the algebra, but we will see later in the section that if

is anothey decomposition into division 1dempotents then

indeed m = n.) e 53y A& has connactad capacilty n if the ¢, can be chogen

Lo be intercounectsd., The Theorem of the mis 1.5 guarantecs that a
seminimole Artipnian algebyz has 5 cdparcity, and tha Sizple Iutcrcunnectivity
Thaovem VII,5.5 guarantses that any capacity of a gimple algehra is con-
nockad,

Alzebras of capacity | are just division algabras: if 1 = 2, i= 1

divizion fdempotent rhen by definition A = 2y 4 e, is a division algebra.
By the Intarcannectivity Theorem VII.S5.6 any algebra of connmectad

capacity o > 3 is associatlve, o particular; any simple algebra of
capacity n ¥ 3 435 zssncfarive.

All that remains is capacity Z. Here wa Jdun't requive simplicity

or the d.c. e,

[
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(Capacity 2 Theprem) 4 strongly semiprime alteragtive algebra of

capaeity 2 is a24ithar



§y : TR e I & RO S .
(1) & ditset sum of tug divigion alzsbray

(i1) an algebra Hzﬂaj of all 2% pmatyices with entries in an

assoclative division algehra a

(iii) a split Cayley algebra €(0) over a field o,

Proof. Capacity 2 means A has wnit 1 = =N + e, where "!"‘J_l’ ﬁj? are

divizion alushras. If ,*1_;; = ;—";21 =01 w2 hawrse A = . Fﬂ:‘a,_,? amoin (4.
TFrom now on assume A, + Aaq # 0. By the Peirce Trivizality Condi-
tlon VIT.53.22, 4f % € 4&,. 15 ok trivial then x, A, 40, A,.%. . & 0.
1] 1] 1j 31 J1ij

Since thers are no tfrivial elements in a strongly semiprime algebra,

if A, # 0 contains %, 4 0 thep = Zo. = a2 L A0 andw, x, =w , 40
i] i 13 i3

Ji [y 3

wjj arz pnonzeros thay gre

H

or some =, .,

- € A,.. But as soon as z,
H L

Wi ER |
a1 Ji 1

invertible in the divisien algehras Ai-i’ a‘-'l,ﬂj S0 &, and ¢, are strongly
.1 G ]

comerted according to the Strong Comnection Lemma VEL Sl

S1e%ay1 T Sy C91%fa " 0gy -

2 .
If A, -*.2 =0 or A A . = 0 ther the elemantsy of &2 are trivial,
11 1] 3 4] L]

9 7
therafaore Aa?j = I by dtrong semiprimeness. But if ,ﬂ'ﬁ = .“-'-.‘;‘1 = 0 then

A 1is zssociative hy the Coral lary VII.3.17 to the Teirce Associativity
Criterion, since from comnectivity we already have interconnectivity
AcsAL, = A . Opees 4 ig Associative tho e e
1441 T ey the ey eqps

of matrix units, =0 by the Weddorbu-n Loordinatization Thecorem (Part 1)

o5 2, Torm a family
Z1 2

A 1‘12{&,3 for a4 ™ All et assoclative divisjon algehra., This {s rase {ii).

S¢ assums *“.:"122 4+ ﬁiz F 0, say :‘12

19 % 0. Fix YJEKLE % O, By Htrﬂnﬁ

semiprimenaas ¥19%10 1z not trivial, we can repeat the areument we used
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I = r = o Tl 1 £ ; = =4 % = 5 =
fic {ij abive to gak BV, with LlEEIlEAJE} gll =0, (jlzzlzj{lz
Yoy # 0, s0 ey and-ez are Cayley—connacted, By the Strong Cayley-

Connectien Lemma VIT.6.2, 12 &, are strongly Cayley-connected, giving
rize to a family of layley matrix wnits by the Cayley Units Construction

VII.6.3, and once we have Cayley matrix units we have a split Cayley

alashra Cig) by the Porq Soordinatization Thaorem VIL.£.10 for o All
commktabive,  Sinea All iz also a division ring, § is a fisld. Tais is

Thus we can dascribe simple alpebras of =1l capacitics, tharefore

all simple algebras with = S

Z.2  (Becond Avtin-Zom Strucknpe Thearsm) An alternarive algebra A 1g

simple Artinian 1ff it {5 ouz of

] a1 alternative division algsbra o
(II) & slmple Avtinian assoriative matrix mlgehra M (4) for a
an associative division algébys, n s 2

(III) a aplic Cavley alpgebre QC(4) over = fiald £t

Proof., If 4 is sinple Artintian of capacity 1 it 4is 2 divieion algahra
az in (I3, If 41t has vapacicy 2 it i3 either HE{E} or Q) as in (II) or
(EII) by the Capacity 2 Theorem, and it il has temacity n > 3 ir is simple
assoclative Artinian (d.c.e. on quadratic ideals implies d.c,e. on left
ideals); so is M (&) as 1a (I1) by the A-tin-¥eddarhum Theorem. Mter-
nately, it has n strongly condectad idempotents cl,...,nn and therafore

s a matrix algsbra Mﬁ{i} by the Weddarhurn Cocrdinaticarion Theorsm fPart 1),
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Wiere 4 2 88, Is a divigion algebr» 1£ tha e, are division idempotants.

Conversely, if 4 is as in (1) 4t ig trivially simple Artinian sinee

T

it has no oraper quadratic ideals at 211, In (III) we know A 4s simple

(hy I1.3.15 ng Proper one-sided idsals) and Artinian (by 171.6.1, since

gquadratie idaals are fi-subspaces and (0) has dimension & over j).
In: (TI) we Loow Hq[g} is simpla and Arrindan in the associativa seEnse,

iva, has d,.¢.e. onleft tdeals; by the Asscoiantiva sample T.6.9 1t Tas
A * o I

die.v. on guadratic idasia. i |

—_ e

Hotice that nething further isx saig about alkernative division al-

meRras.  Owver an algebraically closed fiald this cass disappears, and

M
e
i
[
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2,3 (Structure Theoren ever an algebralcally clogad Field) If 4 s
2 finite-dimensicnal semlsimpla albternative algabra over am algebraically
closed Fi=1d <, then A 4is a divect sum of simple ideals which are split

gebras H (2) or split Caylay algebras (L (a).

Proot. The division alpebra D aad A and the center ¢ of (C are
finite-dimansfional Afivision algebras over an alesbraically closed field
2, which meams they are & itsalf. Thus in Cagsa I A = gl M Ml{¢}, in

Case I 4 3 }:1' (3), and in Case TTT A rCé. B

By 2 standsrd technique of Passing to a splitting field we can

elassify all finite-dimensioanal simple algebras,

2.4 (Structurs Thesrvem for Finlte-Dimensiongl Algebras) A gimple alrer-

native algshra which 1s finite-dimensional aver its center is cither



associative or 2 Cayley algebra,

Proof, Ue only need invastigate the case of d finite-dimensional

division 2lgehra D, Any extension Do=08 Dofa central-simnle
¥ @ 2

algebra D remaing central simple by the Serint Simolicity Theorem IIT:2,5
(though not 4n genaral a divigion zlgsbra if D is), Indead, since B is

alzebraic wa can rhaoss & mo Dp is ne longar a division algebra, (1r

r

d F 21 take' D = §[47; iF Dﬁ ware a division algebra, aldl = g & o[d] =
i # 3 would be a subfiald, wharsas such = tensor product is nevar o
field for it has =a Proper hoemomorphism o @Q @+ 0by ad g oag )

Dﬁ is srill finmite dimensional over . 80 has d.ec.c,, and therefoura ig

gither of Iype T1 or 111, But ir hp is associative, so is D, aned if n
1s Caylay, so is D. (D is degrea 3 OVET P If D, 15 degres 2 avar 0
al
. 2 .
since if 1,x,x" in D are dependant sver o they nust be dependent over i

baing semiprime bub wnt assoniative, D can enly he a Layley algebra hy

the Cowposieion &lgebra and Huryite Theorems II.2.14 and IT.4.1),

.5 Exammle, The pPrevicus example cen be used to give yet ancvther proof
of Wedderbum's Theoren on finite givieiog algebrast a finite alternative
dfvrision algebra ig 2 {c&mmutativu, dssoviative) Ficold. Indeed, zince
finite implies finitc-dfmenaiunal, W Jusl saw D fs gsscciative or Cayley,
dut theras ara no Caylewy division 2lgebras over a finite [ield (any qua-
dzalle norm Form nix) in 8 variables must Tapresant zern by the Artin.
Chevallay Thagrem) so¢ D 18 assoclativa, and we epply the associative

Yadderbum Theorcm. T

2.6 [(Sarond Inigquaness Theorem) Mo twn algebirazs of dlflforans Types (I)-



2~f

(ITT) are igomorphizc. Tug alzahrag M (&), M08 of Type (I7) avs
: Gl f -
k] a | H-I'I rl-l d C:
isomorchic iff 4 = 3 and A& &, Tug algebras € (), LD of Type (111,
ere dsomorshic iff g & 9

Proof. Since the algebras of Types (IT) apd (I11) haye proper
idempotents, the algebras of type (I) are pracisely the division algebras.
The algehras nf Type {T1) are pracigely the simple non—divisiaon algabras

vaich ara =ssoclative, Type ([I1) rhe simole non-divisioy algzbras which

e

2T not associative. Thus algebras of differant Eypes can'b be isomorphic.,
Fron the associabdve ATtin-Weddarburp Fheory we know M (r) X M%(E“,_'l
Il
E &
i - g 1 .
IZf no= ﬁ, & XA IF R o terteinly rhe split Cavley mabrix algebras

Cie), T ars teomarphic, Conversely, if @ (o) o € () then their

Cootars gpe isomorphic, g 4. R

2.7 Cerallary, The Capaciky of a simple Artinizp alternative alpehrg

iz un Zuvariant,

FronE, A has tapacity 1 iff it ig g divigion zlpabra, capacity 2
A0b-associative ifF 1+ ig Rob-associariva, capacity n o 2 associativa

iTE drL is isomorphic o Hh{ﬁ} (where e Lnew o 15 &n dnvariant), @

IThiz struzpnre theory sugeasts (and the peneral structure theory
I Appanddix IT confilims) the Metathcorem Lhat thare gpe really enly tue
Yinds of altqrnativ& alzebras, the Aszociative algebras apg the Cayley
oras.,  Thisg g ancther way in which alternativa algehras are litrle

temoved from associative alpabras,

The Capacity 7 Thearap has tonsequances for algehras withour ary

rhain conditigne,
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2.8 (Albert's Theorem) Tf A is a simple altevnative algsbra which
contains an idemmotent e # 1 . then A i35 either asspeiative or a split

Cerley algohra,

Proof. By the Altermativa Corollary VII.4.5 either A%U = ﬁgl =
=2nd A iz azaociative, or glge ﬁ?n = Aﬂl and Aél = ALO' We can't have

Ay = 0 or o2law ﬂ *Ajl would consist of trivial clements, henca

Crong semlprimensss, wharags A = 311 worrld contradict u # |,

"
u
o
[

3
]

is nonzero, and simle by Simple Imherilanve VIT. 4.8, We

. 2
- A — A =
angr T O oF clse a0 = S0 Baid) = ooty 4 = 0

eonnectivity, Therefore the Peirtos speclalization of ﬁnﬂ on

Ah1 = ﬁ]ﬂ s nonzera, By simplicity it must be a mononorphism; sines

cznno!l haye A

it kills associators and ceimmutators hy VII,3.13 and 3.11, A, must be

O
associative and commitacive, tharefore a fisld,

In particular, Anﬂ has a unirc €4 80 A has uade 1 = ey + 2a wheres
S1s 8, are division idsmpotents. Once A is unital it has capacity 2
anc we can apply our previous work, Sipns A is simple =nd not asscecig—

tive, casas (1) and (ii) of the Capacity 2 Theorem are ruled out, so we

must have case (dii): A= C(g), B8

=
El
=]
{
T
T

2neral verslon, which Bnedupasses nun-splitc as weall ag

2.9 (Albart's More Ceneral Theorew) I[f 4 45 n simple alternatiwve
algebra which containg an clament which 15 alpehraic over the' centroid
2 VWL e

hut not

¥y |J

cly  inseparabla, then A is gilher assoviative or a Cavley

algahrg,



Proof, If x is algedraic gver rhe centroid ¢ but net puraly
inseparcbla, 4t has at least 2 distinet characteristic roots {in

particular, x # 21 does nob lie in ). IF 2% is g splitting fisld

L
ot the pinumum polynomial u (i) of x, | (3) = I {lum,}ki for w, & i
x w i-_-l I -
tinet and n > 2, then in the centreld-simple algebra 4 = & ﬁ$ A
n
the alement x splits, x= ¥ pe + w. Fup g, nonzero supplementary
L et i1l ¢ 1
id=mpotents and z, L = 0. &ipce n * I we 3ze 2y # L,0. Therefare by

=

11

tha snlit wavsion of Alhert'y Thantrem, 4. 1z associative or Cayley, Bul
if A di= assoviative so is its gubalgebra A, and if 4 s Cavley over
’ wl

Eren 4 is Cayley over 2, as we've saen before. ik

Hote that this implies the split version: 1if e ¢ 1.0 is idempotent

it is algzbraic with separahle misimum polynomial o
e

(A) = n(a=13,



“ecall that an algebra & is stric tlv Semisimule 1F it and
all its extenzions Aq are semisimple, e say a Finite-dimengional

al

Lt8]

ebra A over a field ¢ ig Separable if It ig a finite direct
i LA S
sum A = A.J.E*!-EE An 0f simple algebras _Ixi Wilose centers Ei are

sgparabls Fiela extensions of o |

r:s;—":i}e,:alai'_li:'_g Thearem) A Cinile -Gimengiangl algchea ovar a
field is strictly semisimple iff it ig sap abTrJ.

1
of simala algebras; dencte the center of a. by Ii - We must show

L

Preci, 2 is semisimple iff it {g a direct sum A = A

All swtonsions A  ramzin semizimple 157 311 fifQ are saparable,
¥

Bupnose first A ig Strictly semisimple. since each A is

SEmisimple its center C{ﬁﬂ] = C[.':L}E‘I = f._'.L B-.. 5 L. }ﬁ

= “..'L = Q}E...E{I‘h B, 8) mast be a divecs sum of Tields, io.
semisimple., Sut {f './® is not separabls, then with 0= [; we

s2a by Se;;.:::_r...bﬂ_.ty g.0n00 I, &g = ri & ', contains nilpotent

]

2lenents znd is ot semizimole, Ta Plegarya scmisimplieity
all [;/# must be separabls,

Now suppose 2 iz s= Pavable; to show EQ = A  BH. H© ﬂn? re-

& 4 [

mains sealsimole it Suflfices to show a. are semisimple. If

i Y i

Li}
B,  had a {n:*aaaarily selvahle) radieal so would any extansion
S . 0 L= AL @ L= ; - It Lherefs 2ol
indy Any Eg ul@ﬁ T HL 5 X HIE t Lthercforo uglh

¢ check A._ romaing semisimple when 7 ig (=av) algebraically

L1

closed. 3ut in this Case by the Separable Decomposilion Theorem

i ---E_?!.n
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11 iy i 2'11,{ E ¢ H1Noa 11i'/ri
L
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is central simple,

“2 know by strig: Simplicity 171,15 that a11 extensions A, =

Temain simple, 50 ﬁii Iz 3 direct BUm of



2-11

Ty i e a
g Bl L5as

2.1 Prove the following version of the Canacity 2 Leama. If A has

—

capacity 2, 1 = 8, T e, for division ldempotents e,, then the set
1 i

of trivial elements le the ammihilaror ideg]l ¥ = 212 + 2?1 whare

.. = iz, st RS fheo @ik ke g Ao

ij A i 1571 4 {?i] = s 7 EH jJFij

element x,. € A | either belongs to Z,, or slsa there is i, EA
ij by | 2 | ji I

With x, 5, = By M, B, =
1373 T4 TiiTey

E ‘d"'_-' J
Ll

13 1

and ®y- IZ A is semiprime then 2 = @ and A i3 either a divert sum

&_, =0 % and K?T strongly conneclk e
:| il

of 2 division mlgebras or ©1+ &, are strongly comnectad,

2.2 Show that a4 connccted capacity 2 algebras 4w neocessarily aimple,

2.3 Both Structure Theorens can he proved in cne fell swaop.
Iheorenw A strongly sewiprime algebra with cepacity is a direct
sum of sinpls assecigtive algebras Hﬁ(ﬁ} (n = 23, anlit Cavley
algebras €, and divisiod algebrasn,

2,4 SBhow hah for b = ceyq * Ezl’ A= Hﬁ{ﬂ} is not a left vertor space
aver A unless = 45 in the ceptar erf AL

23 IR - bAL far b = e, + Ene,, o+ eqpr A = Mn{ﬁj, show B is neirther
2 right nor u left vecrar Space over A 4l =, 1 are not io the ceptar

2 L

o8]
o

Prove that 42 A = Mﬂ{ﬂ} edach guadratic idaal contained in Eiiﬁ

iz a2 Jeft vactar SPECE over A,

2.7 Prove that A = }Hiﬂ} has d.c.c. on quadratic ideals by proving it

&

has d.e.c. on quadraric ideals contagined in c],A de gy sl
L

K AL ¥

ioduction on k.



